Simulating the movements of term structures of interest rates plays an important role when optimally allocating portfolios in fixed income markets. These movements allow the generation of scenarios which, on their turn provide the assets' sensibility to the fluctuation of interest rates. The problem becomes even more interesting when the portfolio is international.
Introduction
The prices of fixed income assets depend on three components (Litterman and Iben [1988] ): the risk free term structure of interest rates, embedded options values and credit risk. Optimally allocating portfolios in fixed income markets demands a detailed analysis of each of these components.
Several authors have already considered the risk free term structure estimation problem. For example, Vasicek and Fong [1982] suggest a statistical model based on exponential splines. Litterman and Scheinkman [1991] verified that there are three orthogonal factors which explain the majority of the movements of the US term structure of interest rates. These three factors form the basis for many fixed income pricing and hedging applications. For instance, these factors are used in Singh [1997] to suggest optimal hedges. Some bonds present embedded options. In general, the price of an embedded option is a nonlinear function of its underlying bond price on all dates before the option maturity date. An embedded option depends not only on the actual term structure of interest rates, but also on the evolution of this term structure during the life of the option. Several models have been proposed for the evolution of the term structure of interest rates. These models are classified in two major groups (Duffie [1992] ): equilibrium models (Vasicek [1977] , Cox et al. [1985] , among others) and arbitrage free models (Ho and Lee [1986] , Black et al. [1990] , Heath et al. [1992] , among others). At this point in time, the pricing of embedded options using arbitrage free models is perceived as the most appropriate because the parameters can be chosen to be consistent with the actual term structure of interest rates and, consequently, to the actual prices of bonds (Heath et al. [1992] ). The process modeled can be the short-term interest rate, the whole term structure of interest rates, or the forward rates curve. No matter what the process is, when it is Markovian, it is usually implemented using binomial trees (Black et al. [1990] ) or trinomial trees (Hull and White [1993] ). Almeida et al. [1998] presented a model to decompose the credit risk of term structures of interest rates using orthogonal factors (Sansone [1959] ), such as Legendre [1785] polynomials. In this model, the term structure of interest rates is decomposed in two curves: a benchmark curve and a credit spread function. The last one is modeled using a linear combination of Legendre polynomials.
In this article we present a model to estimate, in a single step, both the term structure of interest rate and the credit spread function of an international portfolio of bonds with different credit ratings. This model extends the approach proposed in Almeida et al [1998] . It allows the joint estimation of the credit spread function of any international portfolio with different credit ratings. This extension is crucial when analyzing credit spread arbitrage opportunities in fixed income markets. For the purpose of illustration, we concentrate on the Emerging Corporate Eurobond market, studying the three most important in Latin America: Argentina, Brazil and Mexico.
However, the methodology is quite general, and can be applied to any fixed income portfolio composed by bonds with different credit ratings.
This article is organized as follows. Section 2 explains the model. Section 3 presents the estimation process for its parameters. Section 4 explains the methodology used for optimally allocating portfolios using the model. Section 5 presents three practical examples of detection and exploitation of arbitrage opportunities in the Latin American Eurobond market. Section 6 presents a summary of the article, and the conclusions.
The Model
We want to analyze a portfolio in the Emerging Eurobond market. Assets with the same cash flow and embedded option structures, but different credit ratings, ought to have different prices. For this reason, when structuring fixed income portfolios, it is fundamental to estimate and simulate the movements of different term structures of interest rates, one for each credit rating in the portfolio. One possibility would be to estimate a term structure, for each credit rating. There is a statistical problem with the amount of data available when relying on this approach: in the emerging eurobond market there are usually very few liquid bonds for each credit rating. A joint estimation procedure is necessary.
An interesting possibility is to capture the difference in risk between credit ratings using different credit spread functions. Using this approach, it is possible to estimate in a single step the term structures for different credit ratings by modifying the proposal in Almeida et al. [1998] .
The equation that describes the term structure of an Emerging Eurobond market (that is, fixed income instruments of one country, issued in a same currency, with the same credit rating) can be written as
where t denotes time, ) (t B is a benchmark (for example, the US term structure), n P is the Legendre polynomial of degree n , n c is a parameter to be estimated, and l is the largest maturity of a bond in the Emerging Eurobond market under consideration.
The price of a bond ( A P ) is related to the term structure of interest rates as Almeida et al. [1998] .
An application of this equation that captures the difference in risk between credit ratings using only a translation factor is given by A limitation of Model ) 4 ( is that all J estimated term structures are parallel.
Although very limited, Model ) 4 ( captures the fact that bonds with higher ratings ought to have smaller prices (everything else being equal). In other words: the higher the rating, the higher the interest rates used to price bonds with that particular rating.
Exhibit 1 depicts a possible output for Model ) 4 ( . It is possible to exhibit more general models than that given in ) 4 ( (that is, a model which allows the term structures obtained for different credit ratings to differ not only by a translation factor). Exhibit 2 presents a schematic drawing of possible term structures of interest rates for different credit ratings, in a more general model.
Joint Estimation of Term Structures
Let us consider the simplest case first (that is, Model (4) 
The estimation process is based in a two step procedure:
1. Identify influential observations (Rousseeuw and Leroy [1987] ) using an extension of Cook's statistics (Atkinson [1988] ). This first step is important because in the Emerging Eurobond market there are many illiquid or "badly" priced bonds. If these bonds are not appropriately handled during the estimation phase, they may distort the term structures estimated (as illustrated in Almeida et.
al.
[1998]).
2. Use a duration weighted estimation process after removing all the influential observations detected in the first step. The estimation should preferably use robust techniques, such as the Least Sum of Absolute Deviation or the Least Median of Squares (Rousseeuw and Leroy [1987] ). The use of duration weights incorporates heterocedasticity in the nonlinear regression model by allowing the volatility of the eurobond prices to be proportional to its duration (as suggested in Vasicek and Fong [1982] ).
A numerical example illustrating the practical use of this methodology is presented next.
A Numerical Example of the Estimation Process
As an example we consider the joint estimation of Brazilian and Mexican eurobonds term structures. Fifty-two eurobonds are used: twenty-five Brazilian;
twenty-seven Mexican. The eurobonds are classified in seven different credit ratings 1 :
BB1, BB2, BB3, B1, B2, B3 and NR. Exhibit 3 presents the main characteristics of the fifty-two eurobonds.
Three leverage points were detected in the first step of the estimation process: one Brazilian ( can be used to exploit arbitrage in the Emerging Eurobond market.
Detection and Exploitation of Arbitrage Opportunities
The following five steps are proposed to detect and exploit arbitrage in Latin American Eurobond markets:
1. Choose a set of eurobonds with a common rating.
2. Estimate the term structures of interest rates for each country.
3. Based on the estimated term structures, consider possible future scenarios for their relative movement.
4. Analyze the sensibility of different eurobond portfolios to these scenarios generated.
5. Suggest a portfolio that better adjusts to the scenarios generated.
Three numerical examples are presented:
1. Brazil and Mexico: B1 Eurobonds.
2. Brazil and Mexico: B3 Eurobonds.
3. Argentina and Mexico: BB2 Eurobonds.
All the data were collected in June the third of 1998, on J.P. Morgan's web site 4 .
Brazil and Mexico: B1 Eurobonds
Exhibit 5 is generated and we calculate the prices of the eurobonds on each of these scenarios. is, the ones where the Mexican rotation factor and the Brazilian translation factor fall, than it would worth investing in such a portfolio. Exhibit 11 presents the portfolio sensibility to the Brazilian translation factor and the Mexican rotation factor. The portfolio value is more sensible to changes in the Brazilian translation factor than to changes in the Mexican rotation factor. For instance, take a variation of 10 percent in the Brazilian translation factor (44 bps). We observe, in Exhibit 10, that this scenario would generate around 1.3 percent variation in the portfolio value. Nevertheless, if we had taken the same percent variation in the Mexican rotation factor (16 bps) it would generate around 0.6 percent variation in the portfolio value. We also observe that the portfolio value varies almost linearly with respect to the Brazilian translation factor but non-linearly with respect to the Mexican rotation factor.
Brazil and Mexico: B3 Eurobonds
Exhibit 5 also depicts the Brazilian and Mexican B3 term structures of interest rates. These curves cross each other at the 3.2 years maturity. Due to the curves disposition and to the Legendre polynomials symmetry, we split the analysis of the term structures in three regions: region I, for maturities less than 3.2 years, region II, for maturities between 3.2 and 4.5 years, and, region III, for maturities greater than 4.5 years. On region I, the Brazilian term structure of interest rates presents values greater than the Mexican ones, with the difference approaching 150 basis points, for short maturities. On regions II and III, there is an inversion of the situation: the Mexican curve presents values greater than the Brazilian curve values, with the difference approaching 100 basis points, for maturities around 9 years. The major cause for this difference between the term structures relies in the fact that the Mexican term structure rotation factor (156 basis points) is much superior to the Brazilian one (57 basis points).
Just looking at the term structures picture, we could suggest, as a possible future scenario, an approximation of the curves slopes, that is, the convergence of the rotation factors.
The B3 eurobonds characteristics are listed in Exhibit 3. Note that the three eurobonds have maturities less than or equal to two years, meaning that their pricing is based on region I values of the term structures. According to the supposed future scenario, the curves approximate each other, on region I, implying a depreciation of the Mexican eurobond, and an appreciation of the Brazilian eurobonds. In this context, a good strategy would be buy the Brazilian bonds and sell the Mexican one.
Argentina and Mexico: BB2 Eurobonds
In this example we consider the joint estimation of Argentinean and Mexican eurobonds term structures. Exhibit 12 depicts the Argentinean and Mexican BB2 term structures of interest rates. Exhibit 13 presents the factor values for both curves. We observe that the Mexican rotation factor is much higher than the Argentinean rotation factor. Suppose a fixed income manager is positioned in these markets on a portfolio On the other hand, a combination of changes in the Mexican rotation and torsion factors would provide the desired results for the Mexican term structure. As a matter of fact, if he reduced the Mexican rotation factor he would decrease long-term interest rates but also increase short-term interest rates (an undesired effect). Next, increasing the absolute value of the Mexican torsion factor he would decrease both the shortterm rates and long-term rates, compensating the increase in short-term rates generated by the rotation factor movement. responsible for increasing its sensibility to interest rates movements. We also note in Exhibit 18 that the portfolio would profit in the major portion of the scenarios proposed. We conclude that translating abstract interest rates expectations to possible factor movements is a very good analysis tool, because it allows an easy interpretation of the portfolio sensibility to interest rates movements.
Conclusion
This article presents a methodology for jointly estimating term structures of interest rates for clusters of bonds with different credit ratings. The model is based on an optimization procedure, which assumes that the term structures movements are driven by orthogonal factors. The estimated curves are useful for risk analysis, derivatives pricing and portfolio selection. The methodology is efficient from the computational point of view and is particularly useful when analyzing markets with few liquid bonds such as Emerging Eurobond markets.
The methodology is completely compatible with scenario analysis models which have become a very interesting alternative to single point forecasting methodologies such as the mean-variance model (Markovitz [1959] ). The decomposition of the term structures movements in polynomial orthogonal factors allows easy generation of interest rates scenarios, even turning it possible to apply the methodology to dynamic asset-liability models (Cariño et al. [1994] ). However, an important problem involving scenario analysis concerns the choice of the probability distribution that generates the future scenarios. Although this is not a simple problem, it could be addressed by applying historical simulation (Jorion [1997] ), using the historical distribution of the term structure factors, or by applying Monte Carlo simulation (Jorion [1997] ) by adjusting a model for the dynamic of the term structures.
Latin America Eurobond markets were chosen to illustrate the practical use of the methodology. We explore some simple examples of arbitrage between international term structures for the same rating, using scenario analysis to select portfolios. Although the joint estimations realized in the article involve just pairs of countries (such as Mexico, Brazil and Mexico, Argentina) the joint estimation process could involve many countries, not necessarily the same number of countries used in each arbitrage analysis.
Endnotes 1
The ratings were made public by Bloomberg Agency. They were created as a combination of Moody's Investors Service ratings and Standard and Poors ratings.
The rating "NR" denotes eurobonds not rated by both rating agencies. For more details see the web page www.bloomberg.com. 2 The eurobonds in Exhibit 3 whose names are marked by a star are step-up bonds, that is, coupon increasing bonds. For each of these bonds, the coupon shown in
Exhibit 3 is the current coupon on June the third of 1998.
3 We constrain the translation factor for the rating NR to be the greatest among all the translation factors for the different ratings.
4 www.jpmorgan.com.
5
The prices shown in bold on Exhibit 8 were obtained by discounting the Mexican eurobonds cash flows using the Mexican B1 estimated term structure.
6 The prices shown in bold on Exhibit 9 were obtained by discounting the Brazilian eurobonds cash flows using the Brazilian B1 estimated term structure.
7 The prices shown in bold on Exhibit 16 were obtained by discounting the Argentinean eurobonds cash flows using the Argentinean BB2 estimated term structure.
8 The prices shown in bold on Exhibit 17 were obtained by discounting the Mexican eurobonds cash flows using the Mexican BB2 estimated term structure.
9 In this context, we consider as a scenario for the BB2 Mexican term structure, a combination of simultaneous changes in the Mexican rotation and torsion factors. 
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